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downloaded from the book web page
FinancialRiskForecasting.com
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Licence

• These slides are licensed under Creative Commons BY-NC-ND 4.0
(creativecommons.org/licenses/by-nc-nd/4.0)

• Non-commercial use is permitted, but not distribution of modified versions

• Material credited to a source on the slide itself is excepted and remains with its
original owner
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Copulas
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Roadmap
Statistical properties of market prices

volatility clusters, fat tails, nonlinear dependence

Volatility
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Volatility
univariate Risk

Value-at-Risk, Expected Shortfall

Implementing
risk forecasts

Analytical
methods for derivatives

Simulation
methods for derivatives

Backtesting risk forecasts

Market risk regulations

Extreme market outcomes
endogenous risk

Practical implementation
data and Python
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Why Copulas?

• In previous chapters, we modelled dependence using correlation and multivariate
volatility models

• But correlations only capture linear dependence, telling us nothing about whether
assets crash together more than they boom together

• Copulas allow us to do that by separating the marginal distributions from the
dependence structure

• This allows us to model non-linear dependence directly

• The choice of copula has real consequences; for example, the Gaussian copula’s
failure to capture tail dependence was a factor in the 2008 financial crisis
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This Chapter

1. Exceedance correlations as evidence of non-linear dependence

2. Theory of copulas: probability integral transformation and Sklar’s theorem

3. Copula estimation

4. Copula families: Gaussian, Student-t and Archimedean (Clayton, Frank and
Gumbel)

5. Tail dependence and the 2008 and COVID crises

6. Application: fitting copulas to stock returns before and during COVID

7. Portfolio VaR and ES from copulas
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Notation New to This Chapter

C Copula function
c Copula density
ρ Copula correlation parameter
θ Copula dependence parameter

F ,G Marginal CDFs
H Joint CDF

f , g Marginal densities
h Joint density
Q Quantile function
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Learning Outcomes

1. Understand why correlation alone is insufficient for modelling dependence

2. Know the probability integral transformation and Sklar’s theorem

3. Be able to distinguish between Gaussian, Student-t, Clayton, Gumbel and Frank
copulas

4. Understand tail dependence and why it matters for risk management

5. Know how to estimate copulas from data

6. Be able to compute portfolio VaR and ES using copula-based simulation

7. Understand how dependence structure changes during a financial crisis
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Other Reading

• Chapter 1 (Section 1.7, Nonlinear dependence) in Jón Dańıelsson. 2011. Financial
risk forecasting. Wiley — accessible, covers copulas with R code

• Alexander J. McNeil, Rüdiger Frey, and Paul Embrechts. 2015. Quantitative Risk

Management: Concepts, Techniques and Tools. Revised. Princeton University
Press — comprehensive treatment of copulas in the context of quantitative risk
management
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Exceedance Correlations
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From NLD to Copulas

• In Chapter 1 we saw evidence of non-linear dependence (NLD) in financial data

• Correlation alone cannot capture how dependence changes in the tails

• We begin by measuring NLD using exceedance correlations

• This motivates the need for copulas, which provide a formal framework for
modelling dependence structure
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Exceedance Correlations
(Longin and Solnik 2001)

• Exceedance correlations are the correlations of (standardised) stock returns X and
Y conditional on both exceeding a threshold:

{

Corr[X ,Y |X ≤ QX (p) and Y ≤ QY (p)], for p ≤ 0.5

Corr[X ,Y |X > QX (p) and Y > QY (p)], for p > 0.5

where QX (p) and QY (p) are the p-th quantiles of X and Y

• Under normality, exceedance correlations decline toward zero in the tails —
conditioning on extreme events reduces the apparent correlation

• The bivariate Student-t maintains higher exceedance correlations in the tails —
driven by its tail dependence, a property of the joint distribution rather than of fat
margins alone (tail dependence is defined later in this chapter); the two
benchmarks differ in both their margins and their dependence structure

• The following plots compare theoretical and empirical exceedance correlations
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Theoretical Exceedance Correlations

• We simulate exceedance correlations for three cases:
• Two bivariate normals at ρ = 0.5 and ρ = 0.7
• A bivariate Student-t with 3 degrees of freedom at ρ = 0.5

• The normal exceedance correlations decline toward zero in the tails, regardless of
ρ — this is a fundamental property of the Gaussian distribution

• The Student-t maintains higher correlations in the tails — joint extremes are more
likely than the normal predicts
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Theoretical Exceedance Correlations
Bivariate normal and Student-t, 50 million simulations
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Empirical Exceedance Correlations

• We compute exceedance correlations from Disney and IBM daily returns
(ρ = 0.43)

• We overlay simulated Normal and Student-t curves with three degrees of freedom
at the same ρ for comparison

• If the data follows the normal, exceedance correlations should decline in the tails

• Data tracking the Student-t more closely — particularly in the lower tail where
joint crashes occur — is evidence against the Gaussian benchmark in favour of
Student-t-like symmetric tail dependence
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Empirical Exceedance Correlations
Disney and IBM daily returns, Jan 2000 to Mar 2026
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Copulas
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Copulas and Non-linear Dependence

• How do we model non-linear dependence more formally?

• One approach is multivariate volatility models (see Chapter 3) based on linear
correlations, which, combined with the Gaussian likelihood we used there, impose
Gaussian dependence

• Alternatively we can use copulas, which allow us to create multivariate
distributions with a range of types of dependence
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Intuition Behind Copulas

• We start with the marginal distribution of each random variable and use a copula
to build the joint distribution

• The copula function joins the random variables into a single multivariate
distribution by capturing their full dependence structure

• The random variables are transformed to uniform distributions using the
probability integral transform

• The copula models the dependence structure between these uniforms

• For strictly increasing continuous marginals the transform can be inverted,
X = F−1(U), so the copula also describes the dependence between the original
random variables

• With flat sections in F the same holds using the generalised quantile function
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Theory of Copulas

• Suppose X and Y are two random variables representing returns of two different
stocks, with marginal CDFs F and G

• Their joint distribution is described by the joint CDF H:

(X ,Y ) ∼ H

• We focus separately on the marginal distributions (F ,G ) and the copula function
C, which combines them into the joint distribution H
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Probability Integral Transform

We want to transform X and Y into random variables that are distributed uniformly
between 0 and 1, removing individual information from the bivariate density h

Theorem (Probability Integral Transform)

Let a random variable X have a continuous distribution F and define a new random

variable U as:

U = F (X )

Then, regardless of the original distribution F :

U ∼ Uniform(0, 1)
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Sklar’s Theorem

• Applying this transformation to X and Y we obtain:

U = F (X ) and V = G (Y )

• Using this we arrive at the following theorem

Theorem (Sklar’s Theorem, Sklar (1959))

Let F be the distribution of X , G the distribution of Y and H the joint distribution of

(X ,Y ). Assume that F and G are continuous. Then there exists a unique copula C
such that:

H(x , y) = C(F (x),G (y))
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Densities

• In applications we are more likely to use densities, which requires the joint
distribution and both marginals to be continuous

h(x , y) = f (x)× g(y)× c(F (x),G (y))

• The copula contains all dependence information in the original density h, but none
of the individual information

• Note that we can construct a joint distribution from any two marginal
distributions and any copula, and for continuous margins we can also extract a
unique copula from any joint distribution



Financial Risk Forecasting © 2011-2026 Jon Danielsson · CC BY-NC-ND 4.0 · page 25 of 64

Intro Exceedance Correlations Copulas Copula Families Applications Bib

Estimating Copulas

• Three main approaches:

MLE Estimate marginals and copula parameters jointly by maximising the full
log-likelihood

IFM Inference Functions for Margins: fit parametric marginals first, then
estimate copula parameters conditional on the fitted marginals

CML Canonical Maximum Likelihood: transform data to pseudo-uniforms using
rescaled ranks, ût = rank(xt)/(T + 1), then estimate copula parameters —
the simplest and most widely used in practice (rescaling keeps ût away from
0 and 1, where copula likelihoods blow up)

• Model selection (which copula family to use) can be guided by AIC, BIC, or
goodness-of-fit tests
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Copula Selection and Goodness-of-Fit

• After fitting, we need to assess whether the chosen copula adequately describes
the data

• Graphical diagnostics:
• Compare fitted and empirical exceedance correlations
• Overlay fitted joint-density contours — margins and copula together — on the

return scatter and check the fit visually (as we do in the application section)

• Information criteria: compare AIC or BIC across copula families fitted to the same
data

• Formal tests: goodness-of-fit tests based on the Cramér-von Mises statistic
applied to the fitted copula

• In practice, graphical diagnostics and information criteria are most common
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Copula Families
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Common Copula Families

• Many copula families exist; we focus on the most widely used in finance

Gaussian Derived from the multivariate normal; no tail dependence
Student-t Derived from the multivariate Student-t; symmetric tail

dependence
Archimedean A class of copulas with a single generator function; includes

Clayton, Frank and Gumbel

• The key distinction is how each copula handles joint extreme events
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The Gaussian Copula
• Recall Φ(·) denotes the standard normal CDF and Φ−1(·) its inverse

• The single correlation parameter ρ ∈ (−1, 1) controls the strength of dependence
— it is a latent correlation, equal to the Pearson correlation of the returns only
when the margins are normal

• The Gaussian copula with correlation ρ is:

C(u, v) = Φρ(Φ
−1(u),Φ−1(v))

where Φρ is the bivariate standard normal CDF with correlation ρ

• It has zero asymptotic tail dependence: as we move deep into the extremes, the
conditional probability of joint exceedance vanishes — though finite-probability
joint losses can still be material

• Widely used due to its simplicity, but it can understate joint crash risk when the
data show positive lower-tail dependence

• This is what we did in Chapter 3



Financial Risk Forecasting © 2011-2026 Jon Danielsson · CC BY-NC-ND 4.0 · page 30 of 64

Intro Exceedance Correlations Copulas Copula Families Applications Bib

Joint Density Induced by the Gaussian Copula (3D)
ρ = 0.5, standard normal margins
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From 3D to Contour Plots

• Three-dimensional plots are difficult to compare across copulas

• Contour plots give a clearer view of the dependence structure

• Each contour line connects points of equal density — tighter contours indicate
higher concentration of joint outcomes

• We use contour plots for all copulas from here on
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Joint Density Induced by the Gaussian Copula
ρ = 0.5, standard normal margins
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Gaussian Scatterplot
500 simulated draws, standard normal margins

−4 −2 0 2 4

−4

−2

0

2

4

x

y

ρ = 0.5



Financial Risk Forecasting © 2011-2026 Jon Danielsson · CC BY-NC-ND 4.0 · page 34 of 64

Intro Exceedance Correlations Copulas Copula Families Applications Bib

The Student-t Copula

• The Student-t copula extends the Gaussian copula by allowing tail dependence

• Parameters: correlation ρ ∈ (−1, 1) and degrees of freedom ν > 0

• The Student-t copula with correlation ρ and ν degrees of freedom is:

C(u, v) = tρ,ν(tν
−1(u), tν

−1(v))

where tν is the univariate Student-t CDF and tρ,ν is the bivariate Student-t CDF

• As ν → ∞, the Student-t copula converges to the Gaussian

• Symmetric tail dependence: joint extremes persist in both tails, with strength
increasing as ν decreases
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Joint Density Induced by the Student-t Copula
ρ = 0.5, ν = 4, standard normal margins
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Archimedean Copulas

• A class of copulas defined by a single generator function ϕ:

C(u, v) = ϕ−1(ϕ(u) + ϕ(v))

where ϕ is continuous, strictly decreasing and convex with ϕ(1) = 0 and
ϕ(0) = ∞ (a strict generator — otherwise a pseudo-inverse is needed)

• Different choices of ϕ yield different dependence structures

• Three common Archimedean copulas:

Clayton (θ > 0) Lower tail dependence only — captures joint crashes
Gumbel (θ ≥ 1; independence at θ = 1) Upper tail dependence only — captures

joint booms
Frank (θ 6= 0) No tail dependence — symmetric, similar to Gaussian but with

different body dependence
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Clayton Copula
C(u, v) = (u−θ + v−θ

− 1)−1/θ, θ = 2 — induced density, normal margins
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Gumbel Copula
C(u, v) = exp

(

−
[

(− log u)θ + (− log v)θ
]1/θ

)

, θ = 2 — induced density, normal margins
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Frank Copula
C(u, v) = −

1
θ
log

(

1 + (e−θu
−1)(e−θv

−1)

e−θ
−1

)

, θ = 5 — induced density, normal margins
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Tail Dependence Coefficients

• The lower tail dependence coefficient measures the probability of joint extreme
losses:

λL = lim
q→0

P(U ≤ q | V ≤ q)

• The upper tail dependence coefficient measures joint extreme gains:

λU = lim
q→1

P(U > q | V > q)

• If λL > 0 or λU > 0, the copula exhibits tail dependence

• If λL = λU = 0, the copula is asymptotically independent in the tails
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Tail Dependence Summary

• The key distinction for financial risk:

Copula Lower tail Upper tail
Gaussian None None
Student-t Yes Yes
Clayton Yes None
Gumbel None Yes
Frank None None

• For financial risk, tail dependence is critical — the wrong copula can severely
underestimate joint crash risk
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The Gaussian Copula and the 2008 Crisis
• Before 2008, the Gaussian copula (Li 2000) was the industry standard for pricing
collateralised debt obligations (CDOs)

• The model, often with overly simplistic correlation assumptions, has zero
asymptotic tail dependence: the conditional probability of one default given
another vanishes in the limit, even though correlated finite losses can be large

• When the US housing market declined broadly, mortgage defaults were highly
correlated — a scenario whose likelihood the Gaussian-copula calibration
materially understated

• Losses on CDO tranches far exceeded what the models predicted

• The failure was not the copula family alone — a single correlation parameter,
calibration on benign pre-crisis data, the default and recovery assumptions, and
the rating and incentive structure around the products all contributed
(Coval, Jurek, and Stafford 2008)

• The choice of copula has real consequences for risk measurement
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Applications of Copulas
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Applying Copulas to Real Data

• We now apply the copula framework to empirical stock returns

• We study Coca-Cola (KO) and JPMorgan (JPM)

• We fit Gaussian, Student-t and Clayton copulas (Gumbel and Frank are omitted
— lower-tail dependence is what matters for portfolio risk) to two periods:

1. Pre-COVID (2010–2019): a period of mostly normal market conditions
2. COVID (Jan–Jun 2020): the market crash, when stocks from unrelated sectors fell

together
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Coca-Cola vs JPMorgan
Jan 2010 to Jun 2020
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Gaussian Copula: Pre-COVID
fitted joint density (normal margins + copula) over the return scatter
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Gaussian Copula: COVID
fitted joint density (normal margins + copula) over the return scatter
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Gaussian: Pre-COVID vs COVID
0.001 contour of the fitted joint density (normal margins + copula)
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Student-t Copula: Pre-COVID
fitted joint density (normal margins + copula) over the return scatter
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Student-t Copula: COVID
fitted joint density (normal margins + copula) over the return scatter
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Student-t: Pre-COVID vs COVID
0.001 contour of the fitted joint density (normal margins + copula)
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Clayton Copula: Pre-COVID
fitted joint density (normal margins + copula) over the return scatter
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Clayton Copula: COVID
fitted joint density (normal margins + copula) over the return scatter
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Clayton: Pre-COVID vs COVID
0.001 contour of the fitted joint density (normal margins + copula)
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All Three Copulas: Pre-COVID
0.001 contour of the fitted joint density (normal margins + copula)
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All Three Copulas: COVID
0.001 contour of the fitted joint density (normal margins + copula)
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All Six Contours: Pre-COVID vs COVID
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Fitted Copula Parameters
Coca-Cola and JPMorgan

• The fitted parameters show how dependence changes during the crisis:

Copula Pre-COVID COVID
Gaussian (ρ) 0.356 0.816
Student-t (ρ) 0.344 0.834
Student-t (ν) 4.8 5.4
Clayton (θ) 0.499 2.468

• Correlation increases sharply during COVID for both Gaussian and Student-t
copulas

• The Student-t degrees of freedom stay roughly stable at around 5, so the higher
correlation drives much stronger joint tail dependence — Student-t tail
dependence rises with ρ and falls with ν

• Clayton dependence parameter increases, reflecting stronger lower-tail dependence
(λL = 2−1/θ rises from 0.25 to 0.76)
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The Copula Workflow

1. Start with return data (xt , yt)

2. Estimate marginal distributions F̂ , Ĝ (empirical CDF or parametric)

3. Transform to pseudo-uniforms: ût = F̂ (xt), v̂t = Ĝ (yt) (for the empirical CDF,
use rescaled ranks rank(xt)/(T + 1) to stay inside (0, 1))

4. Estimate copula parameters from (ût , v̂t) by maximum likelihood

5. To generate scenarios: simulate (U,V ) ∼ Ĉ and invert the marginals

6. Compute contour plots, VaR, ES from the simulated returns
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Simulating From Copulas

• To simulate from a copula, we need an algorithm specific to each family

• For the Gaussian copula with correlation ρ:

1. Simulate (Z1,Z2) ∼ N (0,Σ) where Σ =

(

1 ρ
ρ 1

)

2. Set U = Φ(Z1), V = Φ(Z2)

• For the Student-t copula: same procedure but using the multivariate Student-t
and its marginal CDF

• For Archimedean copulas: conditional inversion (Clayton, Frank) or frailty-based
algorithms (Gumbel)

• In practice, R and Python packages handle the simulation internally
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Portfolio VaR and ES From Copulas
• Given a fitted copula C and marginal distributions F and G , we can simulate
portfolio returns:
1. Simulate (U,V ) ∼ C
2. Invert the margins: F−1(U), G−1(V )
3. If the margins were fitted to log returns, convert, Ri = eyi − 1
4. Compute portfolio return: Rπ = w1R1 + w2R2

• Step 3 because the weighted sum is exact only for simple returns (Chapter 1);
weighting log returns overstates the loss, as ey − 1 ≥ y

• The dollar loss on a portfolio worth ϑ is −ϑRπ, so with qp the p-quantile of Rπ

VaR(p) = −ϑqp, ES(p) = −ϑ E[Rπ | Rπ ≤ qp]

• Both are positive numbers, following the convention of Chapter 4
• The distribution of portfolio returns under a copula generally has no closed form,
so we use Monte Carlo simulation

• The choice of copula determines the joint tail behaviour and hence the risk
estimates
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Portfolio Risk: Coca-Cola and JPMorgan
Equally weighted $1,000 portfolio, p = 1%, B = 106 simulations

• We simulate portfolio VaR and ES under each copula for two periods

• Copula parameters estimated on empirical ranks (CML); the risk simulation uses
normal margins fitted to daily log returns — a simplification; the copula, not the
margins, is the focus here

• Simulated log returns are converted to simple returns before aggregation, as in the
previous slide

Pre-COVID COVID
Copula VaR ES VaR ES
Gaussian $23.60 $27.06 $78.70 $89.19
Student-t $24.38 $28.47 $79.51 $90.52
Clayton $25.55 $29.82 $81.58 $92.61
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Key Takeaways

• The dependence structure between stocks changes dramatically during crises

• Gaussian copulas exclude tail dependence regardless of correlation, so they can
understate joint crash risk when the data exhibit it

• The Student-t and Clayton copulas allow the tail dependence that the Gaussian
excludes; ranking their empirical fit would require a goodness-of-fit comparison

• The choice of copula has a material impact on portfolio VaR and ES estimates

• Copula selection should be informed by the application: risk management
demands models that capture tail dependence
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McNeil, Alexander J., Rüdiger Frey, and Paul Embrechts. 2015. Quantitative Risk Management: Concepts,

Techniques and Tools. Revised. Princeton University Press.
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